Abstract. We extend the results and techniques from [7] to study the combinatorial dynamics (forcing) and entropy of quasiperiodically forced skewproducts on the cylinder. For these maps we prove that a cyclic permutation τ forces a cyclic permutation ν as interval patterns if and only if τ forces ν as cylinder patterns. This result gives as a corollary the Sharkovskiȋ Theorem for quasiperiodically forced skew-products on the cylinder proved in [7] .
, where λ 1 = 1 and, for each q ≥ 3, λq is the largest root of the polynomial x q − 2x q−2 − 1. Moreover, for every m = 2 n q with n ≥ 0 and q ≥ 1 odd, there exists a quasiperiodically forced skew-product on the cylinder Fm with a periodic orbit of period m such that h(Fm) = log(λq ) 2 n . This extends the analogous result for interval maps to quasiperiodically forced skew-products on the cylinder.
Introduction
In this paper we want to study the coexistence and implications between periodic objects of maps on the cylinder Ω = S 1 × I, of the form:
where S 1 = R/Z, I = [0, 1], R ω (θ) = θ + ω (mod 1) with ω ∈ R \ Q and f (θ, x) = f θ (x) is continuous on both variables. To study this class of maps, in [7] , were developed clever techniques that lead to a theorem of the Sharkovskiȋ type for this class of maps and periodic orbits of appropriate objects.
We aim at extending these results and techniques to study the combinatorial dynamics (forcing) and entropy of the skew-products from the class S(Ω) consisting on all maps of the above type.
As already remarked in [7] , instead of S 1 we could take any compact metric space Θ that admits a minimal homeomorphism R : Θ −→ Θ such that R ℓ is minimal for every ℓ > 1. However, for simplicity and clarity we will remain in the class S(Ω).
Before stating the main results of this paper, we will recall the extension of Sharkovskiȋ Theorem to S(Ω) from [7] , together with the necessary notation. We start by clarifying the notion of a periodic orbit for maps from S(Ω). To this end we informally introduce some key notions that will be defined more precisely in Section 2.
Let X be a compact metric space. A subset G ⊂ X is residual if it contains the intersection of a countable family of open dense subsets in X.
In what follows, π : Ω −→ S 1 will denote the standard projection from Ω to the circle.
Instead of periodic points we use objects that project over the whole S 1 , called strips in [7, Definition 3.9] . A strip in Ω is a closed set B ⊂ Ω such that π(B) = S 1 (i.e., B projects on the whole S 1 ) and π −1 (θ) ∩ B is a closed interval (perhaps degenerate to a point) for every θ in a residual set of S 1 . Given two strips A and B, we will write A < B and A ≤ B ([7, Definition 3.13]) if there exists a residual set G ⊂ S 1 , such that for every (θ, x) ∈ A ∩ π −1 (G) and (θ, y) ∈ B ∩ π −1 (G) it follows that x < y and, respectively, x ≤ y. We say that the strips A and B are ordered 1 (respectively weakly ordered ) if either A < B or A > B (respectively A ≤ B or A ≥ B).
Given F ∈ S(Ω) and n ∈ N, a strip B ⊂ Ω is called n-periodic for F ( [7, Definition 3 .15]), if F n (B) = B and the image sets B, F (B), F 2 (B), . . . , F n−1 (B) are pairwise disjoint and pairwise ordered.
To state the main theorem of [7] we need to recall the Sharkovskiȋ Ordering ( [9, 10] ). The Sharkovskiȋ Ordering is a linear ordering of N defined as follows:
Sh > · · · Sh > 16 Sh > 8 Sh > 4 Sh > 2 Sh > 1. In the ordering Sh ≥ the least element is 1 and the largest one is 3. The supremum of the set {1, 2, 4, . . . , 2 n , . . . } does not exist.
Sharkovskiȋ Theorem for maps from S(Ω) ( [7] ). Assume that the map F ∈ S(Ω) has a p-periodic strip. Then F has a q-periodic strip for every q < Sh p.
Our first main result (Theorem A) concerns the forcing relation. As we will see in detail, the strips patterns of periodic orbits of strips of maps from S(Ω) can be formalized in a natural way as cyclic permutations, as in the case of the periodic patterns for interval maps. Our first main result states that a cyclic permutation τ forces a cyclic permutation ν as interval patterns if and only if τ forces ν as strips patterns.
Since the Sharkovskiȋ Theorem in the interval follows from the forcing relation, a corollary of Theorem A is the Sharkovskiȋ Theorem for maps from S(Ω).
Next, an s-horseshoe for maps from S(Ω) can be defined also in a natural way. Our second main result (Theorem B) states that if a map F ∈ S(Ω) has an shorseshoe then h(F ), the topological entropy of F , satisfies h(F ) ≥ log(s). This is a generalization of the well known result for the interval.
The third main result of the paper (Theorem C) states that if a map F ∈ S(Ω) has a periodic orbit of strips with strips pattern τ, then h(F ) ≥ h(f τ ), where f τ denotes the connect-the-dots interval map over a periodic orbit with pattern τ . A corollary of this fact and the lower bounds of the topological entropy of interval maps from [3] is that, if the period of τ is 2 n q with n ≥ 0 and q ≥ 1 odd, then h(F ) ≥ log(λq) 2 n , where λ 1 = 1 and, for each q ≥ 3, λ q is the largest root of the polynomial x q − 2x q−2 − 1. Moreover, for every m = 2 n q with n ≥ 0 and q ≥ 1 odd, there exists a quasiperiodically forced skew-product on the cylinder F m with a periodic orbit of strips of period m such that h(F m ) = log(λq) 2 n . The paper is organized as follows. In Section 2 we introduce the notation and we state the results in detail and in Section 3 we prove Theorem A Finally, in Section 4 we prove Theorems B and C.
Definitions and statements of results
We start by recalling the notion of interval pattern and related results. Afterwards we will introduce the natural extension to the class S(Ω) by defining the cylinder patterns.
In what follows we will denote the class of continuous maps from the interval I to itself by C 0 (I, I).
Interval patterns.
Given f ∈ C 0 (I, I), we say that p ∈ I is an n-periodic point of f if f n (p) = p and f j (p) = p for j = 1, 2, . . . , n − 1. The set of points {p, f (p), f 2 (p), . . . , f n−1 (p)} will be called a periodic orbit. A periodic orbit P = {p 1 , p 2 , . . . , p n } is said to have the spatial labelling if p 1 < p 2 < · · · < p n . In what follows, every periodic orbit will be assumed to have the spatial labelling unless otherwise stated. Definition 2.1 (Interval pattern). Let P = {p 1 < p 2 < · · · < p n } be a periodic orbit of a map f ∈ C 0 (I, I) and let τ be a cyclic permutation over {1, 2, . . . , n}. The periodic orbit P is said to have the (periodic) interval pattern τ if and only if f (p i ) = p τ (i) for i = 1, 2, . . . , n. The period of P , n, will also be called the period of τ . Remark 2.2. Every cyclic permutation can occur as interval pattern.
To study the dynamics of functions from C 0 (I, I) we introduce the following ordering on the set of interval patterns. Definition 2.3 (Forcing). Given two interval patterns τ and ν, we say that τ forces ν, as interval patterns, denoted by τ =⇒ I ν, if and only if every f ∈ C 0 (I, I) that has a periodic orbit with interval pattern τ also has a periodic orbit with interval pattern ν. By [1, Theorem 2.5], the relation =⇒ I is a partial ordering.
Next we define a canonical map for an interval pattern as follows.
Definition 2.4 (τ -linear map). Let f ∈ C
0 (I, I) and let P = {p 1 , p 2 , . . . , p n } be an n-periodic orbit of f with the spatial labelling (p 1 < p 2 < · · · < p n ). We define the P -linear map f P as the unique map in C 0 (I, I) such that f P (p i ) = f (p i ) for i = 1, 2, . . . , n, f P is affine in each interval of the form [p i , p i+1 ] for i = 1, 2, . . . , n−1, and f P is constant on each of the two connected components of I \ [p 1 , p n ]. The map f P is also called P -connect-the-dots map.
Observe that the map f P is uniquely determined by P and f P . Let τ be the pattern of the periodic orbit P. The map f P will also be called a τ -linear map and denoted by f τ . Then the maps f τ are not unique but all maps f τ [min P,max P ] are topologically conjugate and, thus, they have the same topological entropy and periodic orbits.
The next result is a useful characterization of the forcing relation of interval patterns in terms of the τ -linear maps.
Theorem 2.5 (Characterization of the forcing relation). Let τ and ν be two interval patterns. Then, τ =⇒ I ν if and only if f τ has a periodic orbit with pattern ν.
Strips Theory.
In this subsection we introduce a new (more restrictive) kind of strips with better properties and we study the basic properties that we will need throughout the paper. To introduce this new kind of strips we first need to introduce the notion of a core of a set.
Given a compact metric space (X, d) we denote the set of all closed (compact) subsets of X by 2 X , and we endow this space with the Hausdorff metric
It is well known that (2 X , H d ) is compact. Also, given a set A we will denote the closure of A by A.
Thus, lim(θ n , x n ) = (θ, x) and, hence, (θ,
which, in turn, implies (1) . By the first statement,
Now, to end the proof of the lemma, take G = G M ∩ G M c , which is a residual set. By the part of the lemma already proven we have,
Now we are ready to define the notion of band.
Definition 2.8 (Band). Every strip A ⊂ Ω such that A c = A will be called a band.
Remark 2.9. In view of Lemma 2.7 a band could be equivalently defined as follows: A band is a set of the form Graph(ϕ), where ϕ is a continuous map from a residual set of S 1 to the connected elements (intervals) of 2 I .
As usual, the intersection of two F −invariant strips is either empty or an F −invariant strip. An invariant strip is called minimal if it does not have a strictly contained invariant strip.
Remark 2.10. From Corollary 3.5 and Lemmas 3.10 and 3.11 of [7] it follows that the bands in Ω have the following properties for every map from S(Ω):
(1) The image of a band is a band. Moreover, the Sharkovskiȋ Theorem for maps from S(Ω) is indeed, Sharkovskiȋ Theorem for maps from S(Ω) ( [7] ). Assume that F ∈ S(Ω) has a p-periodic strip. Then F has a q-periodic band for every q < Sh p.
Next we introduce a particular kind of bands that play a key role in this theory since they allow us to better study and work with the bands.
Given a set A ⊂ Ω and θ ∈ Ω we will denote the set
The next remark summarizes the basic properties of the pseudo-curves.
Remark 2.14. The following properties of the pseudo-curves are easy to prove:
(1) Every pseudo-curve is a band. In particular π Graph(ϕ) = S 1 .
(2) The image of a pseudo-curve is a pseudo-curve. Moreover, every invariant pseudo-curve is strongly invariant and minimal. Now assume that Graph(ϕ) is a pseudo-curve where ϕ is a map from G to I. Then,
Next we want to define a partial ordering in the set of strips. We recall that a map g from S 1 to I is lower semicontinuous (respectively upper semicontinuous) at θ ∈ S 1 if for every λ < g(θ) (respectively λ > g(θ)) there exists a neighbourhood V of θ such that λ < g(V ) (respectively λ > g(V )). When this condition holds at every point in S 1 g is said to be lower semicontinuous on S 1 (respectively upper semicontinuous on S 1 ).
It can be seen that M A is an upper semicontinuous function from S 1 to I and m A is a lower semicontinuous function from S 1 to I. From [6, Theorem 7.10], each of the functions m A and M A is continuous on a residual set of S 1 . We denote by G m A (respectively G M A ) the residual set of continuity of m A (respectively M A ).
) and, hence,
Definition 2.17 ([7, Definition 3.13]). Given two strips A and B we write
We say that two strips are ordered (respectively weakly ordered ) if either A < B or A > B (respectively A ≤ B or A ≥ B).
Remark 2.18. It follows from the definition that two (weakly) ordered strips have pairwise disjoint interiors.
The above ordering can be better formulated in terms of the covers of a strip. Definition 2.19. Let A ⊂ Ω be a strip. We define the top cover of A as the pseudo-curve defined by M A G M A :
and the bottom cover of A as the pseudo-curve defined by m A G m A :
Remark 2.20. The sets A + and A − are bands but in general do not coincide with Graph (M A ) and Graph (m A ) respectively. Moreover, if A is a pseudo-curve then, from Remark 2.16, To end this subsection we introduce the useful notion of band between two pseudocurves. Although this definition is inspired in the definition of a basic strip from [7] (see Definition 3.5) we follow our approach based in pseudo-curves.
Definition 2.22. Let A and B be pseudo-curves such that A < B. We define the band between A and B as:
The properties of the set E AB are summarized by:
Lemma 2.23. Let A and B be pseudo-curves such that A < B. Then,
In particular, E AB has non-empty interior.
Proof. From the definition of E AB it follows that
Thus,
by Remarks 2.14(1) and 2.16 and Lemma 2.7. Consequently, m E AB ≤ m A . Now we will prove that m E AB ≥ m A and, hence, m E AB = m A . To see this note that, for every θ ∈ S 1 , there exists a sequence 
In a similar way we get that M E AB = M B and E + AB = B. Then, by the part already proven and Remark 2.16,
This ends the proof of (a).
Now we prove (b)
. From the previous statement it follows that E AB is a strip. Hence, we have to show that (E AB ) c = E AB which, by Definition 2.6, it reduces to prove that E AB ⊂ (E AB ) c . Moreover, it is enough to show that
because, by (2),
To prove (3) observe that, since
In particular,
c by (4) . This ends the proof of (b).
To prove (c) observe that Int (E AB ) ⊂ E AB . So, it is enough to show that
. Since x = M A (θ) and x = m B (θ), there exists ε > 0 such that x > M A (θ) + ε and x < m B (θ) − ε. On the other hand, the continuity of
Observe that, with this choice of r,
∈ Ω : |θ − θ ′ | < r and |x − y| < r} be an open neighbourhood of (θ, x). We will prove that every (θ
, from the choice of δ and r, it follows that (θ
and consider a sequence
Clearly, (θ n , y) ∈ U for every n ∈ N and, by the part already proven, (θ n , y) ∈ E AB . Consequently, since E AB is closed, (θ ′ , y) = lim(θ n , y) ∈ E AB .
Strip patterns.
In this subsection we define the notion of strips pattern and forcing for maps from S(Ω) along the lines of Subsection 2.1.
Definition 2.24 ([7, Definition 3.15]). Let F ∈ S(Ω)
. We say that a strip A ⊆ Ω is a p-periodic strip if F p (A) = A and the strips A, F (A), . . . , F p−1 (A) are pairwise disjoint and ordered. The set {A, F (A), . . . , F p−1 (A)} is called an n-periodic orbit of strips.
By Remarks 2.10 and 2.12, it follows that we can restrict our attention to two kind of periodic orbit of bands: the solid ones and the pseudo-curves.
A periodic orbit of strips {B 1 , B 2 , . . . , B p } is said to have the spatial labelling if B 1 < B 2 < . . . < B p . In what follows we will assume that every periodic orbit of strips has the spatial labelling.
Definition 2.25 (Strip pattern). Let F ∈ S(Ω) and let B = {B 1 , B 2 , . . . , B n } be a periodic orbit of strips. The strips pattern of B is the permutation τ such that
When a map F ∈ S(Ω) has a periodic orbit of strips with strips pattern τ we say that F exhibits the pattern τ .
Remark 2.26. Interval and strips patterns are formally the same algebraic objects; that is cyclic permutations. Definition 2.27 (Forcing). Let τ and ν be strips patterns. We say that τ forces ν in Ω, denoted by τ =⇒ Ω ν, if and only if every map F ∈ S(Ω) that exhibits the strips pattern τ also exhibits the quasiperiodic pattern ν.
The next theorem is the first main result of this paper. It characterizes the relation =⇒ Ω by comparison with =⇒ I .
Theorem A. Let τ and ν be patterns (both in I and Ω). Then,
The first important consequence of Theorem A is the next result which follows from the fact that the Sharkovskiȋ theorem is a corollary of the forcing relation for interval maps. Proof. Assume that F ∈ S(Ω) exhibits a p-periodic strips pattern τ and let q ∈ N be such that p Sh > q. By [1, Corollary 2.7.4], τ =⇒ I ν for some strips pattern ν of period q. Then, by Theorem A, τ =⇒ Ω ν and, by definition, F also has a q-periodic orbit of strips (with strips pattern ν). Then the corollary follows from Remark 2.10(2,3).
Next we are going to study the relation between the forcing relation and the topological entropy of maps from S(Ω). To this end we introduce the notion of horseshoe in S(Ω).
Let F ∈ S(Ω) and let A and B be bands in Ω. We say that A F -covers B if either
Definition 2.29 (Horseshoe). An s-horseshoe for a map F ∈ S(Ω) is a pair (J, D)
where J is a band and D is a set of s ≥ 2 pairwise weakly ordered bands, each of them with non-empty interior, such that L F −covers J for every L ∈ D. Observe that, by Remark 2.18, the elements of D have pairwise disjoint interiors.
The next theorem is the second main result of the paper. It relates the topological entropy of maps from S(Ω) with horseshoes.
Theorem B. Assume that F ∈ S(Ω) has an s-horseshoe. Then h(F ) ≥ log(s).
Next we want to introduce a class of maps that play the role of the connect-thedots maps in the interval case and use them to study the topological entropy in relation with the periodic orbits of strips. Definition 2.30 (Quasiperiodic τ -linear map). Given a strips pattern τ we define a quasiperiodic τ -linear map F τ ∈ S(Ω) as:
where R ω is the irrational rotation by angle ω and f τ is a τ -linear interval map (Definition 2.4 -recall that τ is also an interval pattern).
Remark 2.31. Since, by definition, f τ has a periodic orbit with interval pattern τ, F τ has a periodic orbit of bands (in fact curves which are horizontal circles) with strips pattern τ.
The next main result shows that the quasiperiodic τ -linear maps have minimal entropy among all maps from S(Ω) which exhibit the strips pattern τ , again as in the interval case.
Theorem C. Assume that F ∈ S(Ω) exhibits the strips pattern τ . Then
Theorem C has an interesting consequence concerning the entropy of strips patterns that we define as follows. With this definition, in view of the Remark 2.31, Theorem C can be written as follows:
By [1, Corollary 4.4.7] and [1, Lemma 4.4.11] we immediately get the following simple but important corollary of Theorem C which will allow us to obtain lower bounds of the topological entropy depending on the set of periods.
Corollary 2.33. Assume that τ and ν are strips patterns such that τ =⇒ Ω ν. Then h(τ ) ≥ h(ν).
Corollary 2.34. Assume that F ∈ S(Ω) has a periodic orbit of strips of period 2 n q with n ≥ 0 and q ≥ 1 odd. Then, 
Proof of Theorem A
To prove Theorem A we need some more notation and preliminary results. An important tool in the study of patterns is the Markov graph. Signed Markov graphs are a specialization of Markov graphs. Next we define them and clarify the relation with our situation.
A a combinatorial (directed) signed graph is defined as a pair G = (V, A) where V is a finite set, called the set of vertices, and A ⊂ V × V × {+, −} is called the set of signed arrows. Given a signed arrow α = (I, J, s) ∈ A, I is the beginning of α, J is the end of α and s is the sign of α. Such an arrow α is denoted by I We associate a signed graph to a periodic orbit of an interval map as follows.
Definition 3.2. Let f ∈ C 0 (I, I) and let P be a periodic orbit f . A P -basic interval is the closure of a connected component of [min P, max P ]\ P. The P -signed Markov graph of f is the combinatorial signed graph that has the set of all basic intervals as set of vertices V and the signed arrows in A are the ones given by Definition 3.1.
Remark 3.3.
Observe that the P -signed Markov graph of f depends only on f P or more precisely on the pattern of P . It does not depend on the concrete choice of the points of P and on the graph of f outside P . Consequently, if P is a periodic orbit of f ∈ C 0 (I, I) and Q is a periodic orbit of g ∈ C 0 (I, I) with the same pattern then the P -signed Markov graph of f and the Q-signed Markov graph of g coincide. In particular, the P -signed Markov graph of f and the P -signed Markov graph of f P coincide.
3.2.
Signed Markov graphs in Ω. Now we also associate a signed graph to a periodic orbit of strips. We start by defining the notion of signed covering for bands. It is an improvement of the notion of F -covering introduced before. Next, by using the notion of band between two pseudo-curves, we will define the analogous of basic interval (basic band ) and signed Markov graph for maps from S(Ω).
Definition 3.5. Let F ∈ S(Ω) and let B = {B 1 , B 2 , . . . , B n } be a periodic orbit of strips of F with the spatial labelling (that is, B 1 < B 2 < · · · < B n ). For every i = 1, 2, . . . , n − 1 the band (see Remark 2.21 and Lemma 2.23)
will be called a basic band. Observe that, from Lemma 2.23(a), I Clearly, all the basic bands are contained in E B 1 Bn , I B i B i+1 ≤ I B i+1 B i+2 for i = 1, 2, . . . , n − 2 and if I B i B i+1 ∩ I B j B j+1 = ∅ then |i − j| = 1. Remark 3.6. As in the interval case (see Remark 3.3) the P -signed Markov graph of F is a pattern invariant. Moreover, if P is a periodic orbit of F ∈ S(Ω) and Q is a periodic orbit of the interval map f ∈ C 0 (I, I) with the same pattern, then the P -signed Markov graph of F and the Q-signed Markov graph of f coincide. In particular, the P -signed Markov graph of F and the P -signed Markov graph of f P coincide.
The following lemma summarizes the properties of basic bands and arrows. We will use it in the proof of Theorem A. 
the concatenation of α and β and is denoted by αβ. In this spirit, for every n ≥ 1, α n will denote the concatenation of α with himself n-times. the path α n will be called the n-repetition of α. Also, α ∞ will denote the infinite path ααα · · · . A loop is called simple if it is not a repetition of a shorter loop. Observe that, in that case, the length of the shorter loop divides the length of the long one.
The next lemma translates the non-repetitiveness of a loop to conditions on its liftings. Its proof is folk knowledge. Finally we introduce a (lexicographical) ordering in the set of paths of signed combinatorial graphs. To this end we start by introducing a linear ordering in the set of vertices. This ordering is arbitrary but fixed.
In the case of Markov graphs, the spatial labelling of orbits induces a natural ordering in the set of basic intervals or basic bands, which is the ordering that we are going to adopt. More precisely, if P = {p 0 , p 1 , . . . , p n−1 } is a periodic orbit with the spatial labelling, then we endow the set of vertices (basic intervals) of the associated signed Markov graph with the following ordering:
Analogously, if B = {B 0 , B 1 , . . . , B n−1 } is a periodic orbit of strips with the spatial labelling, then we endow the set of vertices (basic intervals) of the associated signed Markov graph with the following ordering:
Then, the above ordering in the set of vertices naturally induces a lexicographical ordering in the set of paths of the signed combinatorial graph as follows. Let Next we relate the loops in signed Markov graphs with periodic orbits. Definition 3.9. Let f ∈ C 0 (I, I) and let p be a periodic point of f and let
be a loop in the P -signed Markov graph of f. We say that α and p are associated if p has period n and f i (p) ∈ J i for every i = 0, 1, . . . , n − 1. Observe that in such case S m (α) and f m (p) are associated for all m ≥ 1.
The next lemma relates the ordering of periodic points with the ordering of the associated loops. Its proof is a simple exercise.
Lemma 3.10. Let f ∈ C 0 (I, I) and let f P be a P -linear map, where P is a periodic orbit. Let x and y be two distinct periodic points of f P associated respectively to two distinct loops α and β in the P -signed Markov graph of f P . Then x < y if and only if α < β. Consequently, for every n ≥ 1, f n (x) < f n (y) if and only if
The next lemma is folk knowledge but we include the proof because we are not able to provide an explicit reference for it.
Lemma 3.11. Let τ be a pattern and let f τ = f P be a P -linear map, where P is a periodic orbit of f P of pattern τ. Assume that {q 0 , q 1 , q 2 , . . . , q m } is a periodic orbit of f τ with pattern ν = τ. Then there exists a unique loop α in the P -signed Markov graph of f P associated to q 0 . Moreover, α is simple.
Proof. The existence and unicity of the loop α follows from [1, Lemma 1.2.12]. We have to show that α is simple. Assume that α is the k repetition of a loop
of length ℓ with k ≥ 2 and m = kℓ. By [1, Lemma 1.2.6], there exist intervals
is an affine map from K 0 onto J 0 . On the other hand, since q 0 is associated to α = β k it follows that f
. . , ℓ − 1 and, consequently,
is decreasing with slope -1 and k = 2. The fact that f ℓ P K0
(K 0 ) = J 0 implies that K 0 = J 0 and the endpoints of J 0 are also a periodic orbit of f ℓ P K0 of period 2. In this situation P and {q 0 , q 1 , q 2 , . . . , q m } both have the same period and pattern; a contradiction. Now we want to extend the notion of associated periodic orbit and loop and Lemma 3.10 to periodic orbits of strips.
Definition 3.12. Let F ∈ S(Ω) and let and let B be a periodic orbit of strips of F . We say that a loop
in the B-signed Markov graph of F and a strip A are associated if A is an n−periodic strip of F and F i (A) ∈ J i for every i = 0, 1, . . . , n − 1. Observe that in such case S m (α) and F m (A) are associated for all m ≥ 1.
The next lemma extends Lemma 1.2.7 and Corollary 1.2.8 of [1] to quasiperiodically forced skew products on the cylinder. Lemma 3.13. Let F ∈ S(Ω) and let J 0 , J 1 , . . . , J n−1 be basic bands such that
is a simple loop in a signed Markov graph of F. Then there exists a periodic band C ⊂ J 0 associated to α (and hence of period n). Moreover, for every i, j ∈ {0, 1, . . . , n − 1},
Proof. Let A be a basic band and let B 1 ≤ B 2 ≤ · · · ≤ B m be all basic bands F -covered by A. By Lemma 3.7(a.3,4) there exist bands Now we recursively define a family of 2n bands in the following way. We set
by Lemma 3.7(a.2,3), there exists a band
with J k+i (mod n) = J k+j (mod n) (where every sub-index in the above paths must be read modulo n). By construction, K k+i ⊂ J k+i (mod n) and K k+j ⊂ J k+j (mod n) . Hence, K k+i ≤ K k+j if and only if J k+i (mod n) < J k+j (mod n) . By definition
and
Thus, K k+i−1 ≤ K k+j−1 if and only if K k+i ≤ K k+j and s k+i−1 (mod n) = +. So, K k+i−1 ≤ K k+j−1 if and only if J k+i (mod n) < J k+j (mod n) and s k+i−1 (mod n) = +. By iterating this argument k − 1 times backwards we get that K i ≤ K j if and only if J k+i (mod n) < J k+j (mod n) and
(where every sub-index in the above formula is modulo n). This ends the proof of the claim. Observe that, since K n ⊂ J 0 , from the construction of the sets K n we get 
Since C is a periodic strip, F i (C) and F j (C) are either disjoint or equal. Hence, by the claim, F i (C) < F j (C) if and only if S i (α) < S j (α). Now, Lemma 3.8 tells us that S i (α) = S j (α) whenever i = j. Consequently, F i (C) = F j (C) whenever i = j and C has period n. This ends the proof of the lemma.
Remark 3.14. From the construction in the above proof it follows that if F ∈ S(Ω) and
is a loop in the a signed Markov graph of F by basic bands, then there exist bands
3.4. Proof of Theorem A. We start this subsection with a lemma that studies the periodic orbits of the uncoupled quasiperiodically forced skew-products on the cylinder (in particular for the maps F τ ).
Lemma 3.15. Let f ∈ C 0 (I, I) and let F be a map from S(Ω) such that F (θ, x) = (R ω (θ), f (x)). Then, the following statements hold. (a) Assume that P = {p 1 , p 2 , . . . , p n } is a periodic orbit of f with pattern τ. Then S 1 × P is a periodic orbit of F with pattern τ. (b) If B is a periodic orbit of strips of F with pattern τ then there exists a periodic orbit P of f with pattern τ such that S 1 × P is a periodic orbit of F with pattern τ and S 1 × P ⊂ B. In particular, every cyclic permutation is a pattern of a function of F ∈ S(Ω).
Proof. The first statement follows directly from the definition of a pattern. Now we prove (b). Let B = {B 1 , B 2 , . . . , B n } be periodic orbit of strips of F with pattern τ (that is, F (B i ) = B τ (i) for i = 1, 2, . . . , n). Since F = (R ω , f ) it follows that F k = (R k ω , f k ) for every k ∈ N (so the iterates of F are also uncoupled quasiperiodically forced skew-products). So, since F n (B i ) = B i for every i, it follows that the strips B i are horizontal. That is, for every i there exists a closed interval J i ⊂ I such that B i = S 1 × J i . Moreover, since the strips are pairwise disjoint, so are the intervals J i . Clearly, f (J i ) = J τ (i) for every i and, hence, f n (J 1 ) = J 1 . So, there exists a point
Since the intervals J i are pairwise disjoint, the set P = {p 1 , f (p 1 ), . . . , f n−1 (p 1 )} is a periodic orbit of f of period n such that S 1 × P ⊂ B. Moreover, if we set f k (p 1 ) = p τ k (1) for k = 1, 2, . . . , n − 1, then P has the spatial labelling and it follows that the pattern of P is τ.
Proof of Theorem A. First we prove that τ =⇒ Ω ν implies τ =⇒ I ν. The assumption τ =⇒ Ω ν implies that every map F ∈ S(Ω) that exhibits the strips pattern τ also exhibits the strips pattern ν. In particular, the map F τ has a periodic orbit of strips with pattern ν. By Lemma 3.15, f τ has a periodic orbit with pattern ν. Therefore, τ =⇒ I ν by the characterization of the forcing relation in the interval (Theorem 2.5).
Now we prove that τ =⇒ I ν implies τ =⇒ Ω ν. Clearly, we may assume that ν = τ . We have to show that every F ∈ S(Ω) that has a periodic orbit of strips B = {B 0 , B 1 , . . . , B n−1 } with strips pattern τ also has a periodic orbit of strips with strips pattern ν.
We consider the map f τ = f P where P is a periodic orbit with pattern τ. By Theorem 2.5, f τ has periodic orbit Q = {q 0 , q 1 , . . . , q n−1 } with pattern ν. Since Q has the spatial labelling, q 0 = min Q, By Lemma 3.13 and Definition 3.12, F has a periodic band Q 0 associated to α (and hence of period n), and
. . . . . . By Lemmas 3.10 and 3.8, the order of the points f i τ (q 0 ) induces an order on the shifts of the loop S i (α), with the usual lexicographical ordering and, by Lemma 3.13, the order of the shifts S i (α) induces the same order on the bands Lemma 4.1. Let F ∈ S(Ω) and let (J, D) be an s-horseshoe of F. Then, there exists D n , a set of s n pairwise weakly ordered bands contained in J, each of them with non-empty interior, such that (J, D n ) is a s n -horseshoe for F n .
Proof. We use induction. For n = 1 there is nothing to prove. Suppose that the induction hypothesis holds for some n and let D ∈ D and C ∈ D n . Since C ⊂ J has non-empty interior and D 
Since n is arbitrary, we obtain h(F ) ≥ log(s).
Now we aim at proving Theorem C. To this end we have to introduce some more notation and preliminary results concerning the topological entropy.
Given a map f ∈ S(Ω), h(F I θ ) is defined for every I θ := {θ} × I (despite of the fact that it is not F -invariant) by using the Bowen definition of the topological entropy (c.f. [5, 4] ). Moreover, the Bowen Formula gives max{h(R), h fib (F )} ≤ h(F ) ≤ h(R) + h fib (F ) where h fib (F ) = sup θ∈S 1 h(F I θ ).
Since h(R) = 0, it follows that h(F ) = h fib (F ). In the particular case of the uncoupled maps F τ = (R, f τ ) we easily get the following result: Lemma 4.2. Let τ be a pattern (both in I and Ω). Then h(F τ I θ ) = h(f τ ) for every θ ∈ S 1 . Consequently,
Given a signed Markov graph G with vertices I 1 , I 2 , . . . , I n we associate to it a n × n transition matrix T G = (t ij ) by setting t ij = 1 if and only if there is a signed arrow from the vertex I i to the vertex I j in G. Otherwise, t ij is set to 0.
The spectral radius of a matrix T, denoted by ρ(T ), is equal to the maximum of the absolute values of the eigenvalues of T. Lemma 4.3. Let P be a periodic orbit of strips of F ∈ S(Ω) and let T be the transition matrix of the P -signed Markov graph of F. Then h(F ) ≥ max{0, log(ρ(T ))}.
Proof. If ρ(T ) ≤ 1 then there is nothing to prove. So, we assume that ρ(T ) > 1. Let J be the i-th P -basic band and let s be the i-th entry of the diagonal of T n . By Proof of Theorem C. Let P be a periodic orbit of strips with pattern τ and let T be the transition matrix of the P -signed Markov graph of F. Let f τ = f Q be a Q-linear map in C 0 (I, I), where Q is a periodic orbit of f Q with pattern τ. In view of Remark 3.6 (see also Remark 3.3), T is also the transition matrix of the Q-signed Markov graph of f τ . Consequently, by [1, Theorem 4.4.5], h(f τ ) = max{0, log (ρ(T ))}. By Lemmas 4.3 and 4.2, h(F ) ≥ max{0, log(ρ(T ))} = h(f τ ) = h(F τ ).
